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1 Introduction: 



A non-commutative quantum (super) space [H 12] is an unital, associative algebra 
with a quantum (super) group as a symmetry group. These objects E] have 
enriched the arena of mathematics and mathematical physics: they appear in the 
context of theory of knots and braids 0, as well as in the study of Yang-Baxter 
equations [U]. Quantum (super) groups are deformations of the enveloping (super) 
algebra of classical Lie groups in the sense that one recovers the classical (super) 
commutator when the deformation parameters go to some particular values. Usu- 
ally the generators of a quantum (super) group are assumed to commute with the 
non-commuting coordinates of the corresponding (super) plane. As a consequence, 
the quantum (super) plane admits a quantum group as a symmetry group with only 
one parameter: (GLg(l/l)) GLg{2) [7]. More generally, one can obtain a multipara- 
metric quantum (super) group, if one relaxes this property (commutation between 
space coordinates and group generators), namely, GLp^g{l/l) j^l and GLp^g(2) P 
respectively in the two dimensional quantum superplane and quantum plane cases. 

Many authors [Hllinillllinilinilllllinilini have also studied differential calculus 
with nilpotency n = 2 on (super) spaces with one or two-parameter (super) group 
as symmetry groups. An adequate way leading to generalization of this ordinary 
differential calculus arises from the graded differential algebra [T7| ITHl IT^ 1^ 1^ 1^ . 
The latter involves a complex parameter that satisfies some conditions allowing to 
obtain a consistent generalized differential calculus. The most important property 
of this calculus is that the operator "d" satisfies {d" = 0/d^j^O,l<l< n — 1} and 
it contains as a consequence, not only first differentials (ix* , i = l...m, but involves 
also higher order differentials d^x^, j = l...n — 1. 

In this paper, we construct covariant differential calculus d^ = on certain 
quantum (super) spaces with one or two-parametric quantum group as a symmetry 
groups. We will show that our differential calculus is covariant under the algebra 
with a quantum group structure. The complex j, which appears in the Leibniz 
rule, is a third-root of unity and will be an interesting and non trivial aspect of the 
differential calculus that we will introduce. 

This paper is organized as follows: 

In section 2 we start by recalling the two-parameter quantum group acting on 
a two-dimensional quantum plane. We also establish n = 2 and n = 3 covariant 
differential calculi on this space following R. Coquereaux approach IT3] . It 
will be noticed that some modifications have been brought up to this approach in 
order to adapt it to the two-parameter quantum group symmetry and the n = 3 
differential calculus. In section 3, the same method will be applied to construct 
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the n = 2, n = 3 covariant differential calculus on 1 + 1-dimensional superspace 
with one parameter quantum supergroup as a supersymmetry group. In section 4 
we generalize the results of section 3 by taking the two-parameter quantum group 
acting covariantly on the superspace. 

2 Differential calculus on a two- parametric quan- 
tum plane. 

2.1 Preliminaries 

The two dimensional quantum plane is an associative algebra generated by two 
non-commuting coordinates x and y ^1 12 satisfying the relation: 

xy = qyx, q^O,l (q e C). (1) 

In order to have a two-parameter quantum group GL^ ^ (2) as a symmetry group 
of such a space 0, one must assume that the coordinates do not commute in general 
with elements defining this group. 

Indeed, for a generic element T = ^ ^ d ^ the relations between the 

matrix entries and the coordinates are assumed to be P : 



xa 


= qu ax 


ya 


= q2iay 


X b 


= qi2 bx 


yb 


= q22 by 


xc 


= qn cx 


yc 


= q23 cy 


xd 


= qi4^dx 


yd 


= q2Ady. 



(2) 

The coordinates x and y transform under T and *T (transposed matrix) as: 







The requirement that the transformed coordinates obey a similar relation as 
eg(l) (not necessarily with the same deformation parameter q) i.e. 



x'y' = qy'x'^ q G C (3) 

x"y" = qy"x", qe C, (4) 
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and taking account of the defining relations of GLp^qi{2) [T^ . 



ab = pba cd = pdc 

ac = q ca bd = q db (5) 

pbc = q'cb ad — da = {p 7) be, 

for some non zero p, q with pq 7^ —1, implicates further constraints on the involved 
parameters: 



q=Q 



and 



gii = 1 q2i = qq'^k 

qi2 = qp~^ q22 = qqp~^[q - {p- q~^)k] 

qn = qq''^ 923 = qqq'^^lq- {p-q''^)k] (6) 

qu = qq'~^k ^24 = qfq'~^p'^[q-{p-q''^)k]. 

One can check that the matrix T = ^ ^ ^ indeed an element of the quan- 
tum group GLp^^'{2) and is consistent with Hopf algebra structures [Oj. For sup- 
plementary properties and results concerning the quantum group GLp^^>{2) see for 
example [T^ . 

It is clear that many quantum planes could be associated to this two-parameter 
quantum group, depending on choices of the g^j 's. In the following, we shall confine 
our selves to the case q = q, which corresponds to the standard definition of the 
quantum plane. 



2.2 Differential calculus with nilpotency n = 2 {(P = 0). 

Our aim in this section, is to construct a differential calculus on the previously 
defined quantum plane. We proceed using the same approach as the one adopted in 

oiiniiii!. 

We start by defining the exterior differential "d" which satisfies the usual prop- 
erties, namely: 
i/ Linearity 
iz/Nilpotency 

d^ = 0. 

in/ Leibniz rule 

d{uv) = d{u)v + (-l)"M(i(f ), 
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where m G fi". fi" is the space of forms with degree n, 

is the algebra of functions defined on the quantum plane. We have also: 

d{x) = dx, d{y) = dy and d{l) = 0. (7) 
From (2), we deduce: 

{dx)a = qii a{dx) {,dy)a = q2i a{dy) 

[dx)h = quKdx) {dy)h = ^22 /gx 

{dx)c = qi3c{dx) {dy)c = q2?.c{dy) 

{dx)d = qi^d^dx) {dy)d = q2id{dy). 

One can write a priori xdx, xdy, ydx, and ydy in terms of {dx)x, {dy)x, {dx)y 
and {dy)y, by mean of 16 unknown coefficients fT^. Imposing the covariance of 
the obtained relations under GLp^/(2), and differentiating eg(l), permit to fix 15 of 
the 16 unknown coefficients. The associativity of the expression {xdx)dy = x{dxdy) 
enables us to fix the last unknown parameter. 

We notice that in the usual case Glq{2) this approach yields directly the desired 
differential calculus. However, when GL^^i{2) is a symmetry group, we obtain 
additional conditions on the parameters k and q: 

Q = Q , k = -. (9) 
P 

Then eg(6) becomes: 

qii = gi3 = 1 , gi2 = qu = g2i = 923 = qp'^ , ^22 = g24 = g^p"^- (10) 

So, the covariant differential calculus is given by: 

xdy = - dyx 
P 

ydx = ( 1) dyx -\ — dxy (11) 

pq q 

(dxf = {dyf = 0, 

and the differential algebra is fl^'^ = {x, y, dx, dy}. 

It is remarkable that the differential calculus on the quantum plane with GLq{2), 
as a symmetry group fUElEl; can be obtained from the two-parameter one eg(ll) 
in the p ^ q limit. 







xdx = 


— dxx 




pq 


ydy = 


— dyy 




pq 


dx dy = 


— dydx 


P 
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As in the ordinary case, the differential operator d can be reahzed by 

d := dxdx + dydy . 

Based on this reahzation one can construct a gauge field theory on the two-parameter 
quantum plane. This should be achieved formally as in PU] . 

The nilpotent differential calculus can be extended to higher orders, as there is 
no reason to constrain this one to n = 2 nilpotency [T7 | [T ^ IT?HI ^ I^I ^ I ^ I^. 

In the following section, we generalize the differential calculus on the quantum 
plane with one-parameter symmetry group 20^ to the two-parameter one, this is 
done by extending the n = 2 differential calculus obtained here to n = 3 case. 



2.3 Differential calculus with nilpotency n = 3 {(fi = 0). 

Let us introduce the differential operator " d" that satisfies the following conditions: 
i/ Linearity 
a/ Nilpotency 

= , 0. 

iii/ Leibniz rule 

d{uv) = {du)v + {iYudiy). 

where j is the cubic root of unity: j = e^, 1 + j -|- = 0. u is an element of 
the space of forms with degree n. It is a subspace of the differential algebra 
^xfy — 2/; '^V^ ^"^^y d^v}- The new objects d'^x and d'^y which appear are defined 
by: 

d{dx) = d^{x) = (fx , d{dy) = d^{y) = d'^y, 

these are "forms" with degree two. 

In order to ensure the covariance of the differential calculus under the two- 
parameter symmetry group GLp^^i{2), we proceed as in the previous section. How- 
ever, instead of the last step where we have used the associativity property, we shall 
use the independence between the two different 2-forms z d^z and dz dz , where z, 
z = X, y. Below, we will discuss how to recover this property. 

The same constraints on q and k eq{9) are recovered, thus the the same 

as in eg(lO). The covariant differential calculus is then given by: 



xdx = f' dx X 
ydy = fdyy 



fqp - 1 

dyx-\ dx y 

1 + qp 



xdy = 

I + qp 

f -qp , 

y dx = dyx — 

1 + qp I + qp 



JP 



dxy 
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■2 j2 

J d XX 


X d^y 


j2 , a2 
= d y X -\ d xy 

1 + qp 1 + qp 


y(fy = 


■2 j2 

J d yy 


y d'^x 


■2 

1 — mi ^ IT) ^ 

J HF i2 J y j2 

= d yx d xy 

1 + qp 1 + qp 


dx d^x = 


j d^x dx 


dx d^y 


^ a2 A . j(lP-f j2 J 

= — d ydx -\ — ; d xdy 

1 + qp 1 + qp 


dy d'^y = 


j d'^y dy 


dy d^x 


J - fqP ,2 r P ^2 , 
= d ydx d xdy 

1 + qp 1 + qp 


dxdy = 


q dydx 


d'^xd'^y 


= q d^y d^x. 


Moreover, a 


realization of " d" 


in terms 


of partial derivatives: 



d = dx dx + dy dy (13) 
permits us to have {dxY = {dyY = pUj . 

We note that the differential algebra ^l'^, defined above, is not associative. 
One can check this statement by first assuming that this property (associativity) is 
preserved, then deriving some inconsistent relations. Especially, one expects, due to 
this assumption, the two expressions {xdx)dy and x{dxdy) to be equal. However, 
using (12) and successively moving the parenthesis, one obtains two expressions 
which are manifestly not equal, unless pq = j^. 

Thus, the differential algebra fij^ is associative only when pq = j'^, otherwise it 
is not. 

Another associative 3-nilpotent differential algebra, for pq = j, can be con- 
structed basing on the method already mentioned in section (2.2), with a proper 
substitution of the differential operator d^ = with the one d^ = 0, (rf^ 7^ 0). It fol- 
lows from this method that the commutation relations between the coordinates and 
their first order differentials are given (by the first ones) in (11). The first, second 
and third differentiations of these relations give rise to the remaining commutation 
relations between x, y, dx, dy, d'^x and d'^y. 

The results of PUI (i-e., differential calculus on a reduced quantum plane respec- 
tively with = 1 and = 1) can be recovered as limiting cases of the one obtained 
here (12); this is done by taking the adequate limit p ^ q (respectively with q^ = 1 
and q^ = 1). 

It is also remarkable that the case n = 3 differential calculus was applied to in- 
troduce interesting "Higher order gauge theories" fHlEll2n]- Indeed, an interesting 
manner to do this (in the present case) is to pursue the same steps of |2(JJ . 

Another important question arises at this step is how to adapt the techniques 
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applied in subsections (2.2) and (2.3) to the quantum superplane. This will be 
developed in the next section. 



3 Differential calculus on a one-parameter quan- 
tum superplane. 

3.1 n = 2 Differential calculus. 

The 1 + 1 dimensional quantum superspace, in Manin's approach |3IZj; is an algebra 
generated by a bosonic and a fermionic coordinate satisfying the relations: 



xO = qOx , qy^O,l (14) 
= 0. (15) 

In analogy with the quantum plane, a symmetry supergroup of this space is 

GLq{l/l), and a generic element of this supergroup is a supermatrix: T = ^ ^ ^ ^ ' 

where a, d are bosonic elements commuting with x and 6 while /3, 7 are fermionic 
elements commuting with x, anticommuting with 9 and obeying the following rela- 
tions: 



(16) 



These relations can also be obtained by imposing the invariance of egs(14, 15) 
a —7 



af3 = 


q (3a 


df3 = 


q(3d 


07 = 




c?7 = 


q-fd 


+ = 





(3' = 


7^ = 


ad — da = 


{q^^ - q) 







under T and ''^T ~ y p ^ J (supertranspose). 

Many authors studied the differential calculus on this superspace |H1 CHI 1^ - 
Here we construct the differential calculus based on the same technique adopted 
by R. Couquereaux fl] which is used in the previous section, with however, some 
modifications to adapt it to this superspace. We introduce an exterior differential 
operator "rf" satisfying the properties: 

i/ Linearity 

d{\u) = {-lY Xd{u), (17) 

A 

where the parity A= 0, 1 respectively, if A is a bosonic or a fermionic element. 
a/ Nilpotency 

^2 = 0. 
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in/Leibniz rule 



d{uv) = {du)v + i-lfi-lf'^'^uidv), (18) 

where u is the parity of u and degu is the degree of the differential form u. 

Note that consistency requires that d9 commutes with a, d, (3, j and dx commutes 
with a, d and anticommutes with P, 7. 

The same method applied in section 2.2 yields: 

xdx — dxx xd9 — dO x 

Ode = dee edx ^ {i-q-^)dex-q-^ dxe (19) 

dxde = q-^ dedx {dxf = 0, 

and the associative differential algebra is denoted g = {x, 9, dx, d9}. 

As in section 2.3, one can apply the same method to generalize the differential 
calculus on the superspace to higher orders {d^ — 0). This is the aim of the next 
section. 

3.2 Differential calculus on superspace with nilpotency 

n = S {d^ = 0). 

We proceed as in section 2.3, in order to construct the n = 3 covariant differential 
calculus on superspace. We introduce a differential operator "d" satisfying the 
usual requirements, namely: linearity is the same as in eg(17), the nilpotency will 
be changed to n — 3 {d^ = 0) and the Leibniz rule, eq{18) becomes: 

d{uv) = {du)v + {-lf{j)^^^''u{dv). (20) 

The resulting differential algebra fl^ Q is generated by, x, e, dx, de, d'^x and d'^e 
satisfying: 



X dx 


— f' dxx 


xde = 


dex -\ — dx e 








1 + g2 1 + g2 


ede 


= dee 


edx^ 


~\ dex+ -^^ , dxe 








l + q^ 1 + q^ 


dxde 


— —q de dx 


{def = 





X d^x 


= J d XX 


xd'^e = 


^'^ , d'ex + ^''^'~^^ d'xe 






1 + 1 + q^ 


ed^e 


= -d'^ee 


ed'^x = 


■2 2 

— dux — dxe 








1 + 1 + 
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dx d^x = j d'^x dx 


dxd^e 


ded^e = fd^ede 


dO d'^x 


d^xd^e = qd^ed^x 


{d^df 



■ 2 '2 

d^6 dx H — d^x dO 

1 + 1 + 



2^2 _ ^ 

d^6 dx — — t: d^x d9 



3 1 3 j2nj^ 1 j2 



Let us point out that the differential algebra g is not associative, unless q = 
j. In the case q j, one can recover this property by following the same steps 
mentioned at the end of section 2.3 with the adequate modifications. 



4 Differential calculus on a two-parameter quan- 
tum superplane. 

4.1 Differential calculus with nilpotency n = 2, {cP = 0). 

In this section, we generalize the results of section 3, in the sense that we choose 
a two-parametric quantum supergroup GLp^g/{l/l) as a symmetry group for the 
superplane egs(14, 15). This group will be introduced using the same method as in 
section 2 [BW. 

The entries of a matrix element T = ( ^ ^ j of GLp^q/ (1/1) satisfy the follow- 



ing non trivial relations: 



a(3 = 


p f3a 


d(3 


= p(3d 


07 = 


q -fa 


d'y 


= q -id 


ph + Q if^ = 







= 7' = 


ad — da = 


{q^^ - p) /57. 







(22) 



As it is done in section 2 this superspace is covariant under T and **T (super- 
transpose), and the analogous of eg(2) are: 



xa = kax 9a = qqq^^p^^k a6 

xb = qp~^kbx 6 b = —q(fq'^^p^'^kb9 

xc = qq'~^k cx 9 c = —q(fq~'^p~^kc9 

xd = <fq~^p~^kdx 9d = q(fq^'^p~'^kd9. 



(23) 



We are interested in establishing a covariant differential calculus on this super- 
space in the case g = g = g. To achieve this construction, for = 2, we introduce 
a differential operator "rf" satisfying the same properties as in section 3.2 (Linear- 
ity eg(17), nilpotency and Leibniz rule eg(18)). The associative differential algebra 
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^x'^d — generated by the following relations: 

xdx = {qp)~^dxx xd9 = p~^d9x 

Ode = dee edx = {i~{qp)-^) dex-q-^ dxe (24) 

dxde = p-^dedx {dxf = 0. 

We have used q' — q and k — ^, which, as in 65(9), are consequences of the 
requirement of the covariance of fi^'^ under GLp gi (1/1). 

As expected, in the limit p — > 5, we recover fll ^ and relations (19). 

4.2 Differential calculus with nilpotency n = 3 {d^ = 0). 

The technique used in sections (2.3) and (3.3), allows us to construct the n — 3 
differential algebra 0^'^ = {x, e, dx, de, d'^x, d'^e} : 



X dx 


= f' dxx 


xde 


= dex -\ dx e 






l + qp 1 + ?P 


ede 


= dee 


e dx 


= de X -\ dx e 








1 + qp l + qp 


dx de 


— —q de dx 


{def 


= 


xd^x 


— J d XX 


xd'^e- 


= d e X H d X e 






l + qp l + qp 


ed^e 


= -d^ee 


ed'^x^ 


f -qp ,2n JP ,2 a 

■ d e X d X e 








l + qp l + QP 


dx d^x 


— j d^x dx 


dxd^e = 


-- ^ d^edx + ^'^^'^^^xde 








l + qp l + QP 


ded^e 


= fd^ede 


de d^x -- 


_ J_QP J P ^2^ ^0 






l + qp l + QP 


d^xd^e 


= qd^ed^x 


{d^ef -- 


= 0. 



The same limit as in section 2.3, namely p ^ q, yields 0!^ ^. The differential 
algebra is not associative. In order to restore this property we proceed as 
mentioned at the end of sections 2.3 and 3.2. 

One physical application of the differential calculi (sections 3 and 4) is to con- 
struct a supersymmetric gauge field theory on the quantum superplane (with one 
or two parameter quantum supergroup as symmetry groups; the latter will be a 
generalization of the former). However, this is not straightforward, since one should 
firstly start by defining a supersymmetric covariant derivative. 
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5 Conclusion: 



In this paper, we have constructed differential calcuh on certain quantum (super) 
spaces. Namely, the n = 2 and n = 3 nilpotent differential calculi on the quantum 
plane with two parametric quantum group {GLp^g{2)) as a symmetry group was ob- 
tained. We have also considered two cases of quantum superplanes related to the 
one and two-parametric quantum supergroups GLq{l\l) and GLp^q{l\l), as symme- 
try groups, respectively. The related n = 2 and n = 3 differential calculi were also 
established. 

In general, the differential calculus can be applied to formulate gauge field theo- 
ries jHDl inn IH2] ■ As a consequence, the results obtained here permit us to construct 
gauge theories on the corresponding non-commutative spaces j^H]- Indeed, for the 
quantum space (section 2), this can be done using the same techniques of [20], where 
the symmetry group is a one-parameter. 

The non-commutative supersymmetric case (sections 3 and 4) will be treated 
in the same fashion, with however, more care since it is essential first, to define a 
covariant supersymmetric derivative I34j . 

We note that the differential calculus was also applied to derive a corresponding 
quantum oscillator, where the latter is seen as a representation of the former |l33] . 
It will be interesting to achieve this with the differential calculus in section 2, as the 
resulting quantum oscillator will be two-parameter dependent. 
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